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Abstract. Let X be a compact complex, not necessarily Kahler, manifold of di- 
mension n. We characterise the volume of any holomorphic line bundle L ^ X as 
the supremum of the Monge- Ampere masses T^^ over all closed positive currents 
T in the first Chern class of where 

is the absolutely continuous part in the 
Lebesgue decomposition. This result, new in the non-Kahler context, can be seen 
as holomorphic Morse inequalities for the cohomology of high tensor powers of line 
bundles endowed with arbitrarily singular Hermitian metrics. It gives, in particular, 
a new bigness criterion for line bundles in terms of existence of singular Hermitian 
metrics satisfying positivity conditions. The proof is based on the construction of 
a new regularisation for closed (1, l)-currents with a control of the Monge- Ampere 
masses of the approximating sequence. To this end, we prove a potential-theoretic 
result in one complex variable and study the growth of multiplier ideal sheaves 
associated with increasingly singular metrics. 



0.1 Introduction 

Let : i7 MU {— C)o} be a plurisubharmonic (psh) function on an open 
subset Q C C", and let z = {zi, . . . , Zn) be the standard coordinates on C". 
The Lelong number z/(y9, x) of if at an arbitrary point x G is defined as the 
mass carried by the positive measure dd'^ip A [dd'^ log \ z — x\)^~^ at x (see, for 
instance, Demailly's book [Dem97], chapter III). It is a well-known result of 
Skoda ([Sko72a]) that the Lelong numbers of ip affect the local integrability of 
e~^'^. Indeed, if z/((y9, x) < 1, then e"^"^ is integrable on some neighbourhood 
of X. On the contrary, if ^{(p, x) > n, then e"^*^ is not integrable near x. The 
integrability of e~'^'^ is unpredictable when 1 < i^if, x) < n. 

Our first aim is to establish a potential-theoretic result in the case n = 1 
where there is no unpredictability interval. Let ?7 C C be an open set, 
(fo : t/— >-MU{— oo} a subharmonic function, and T = dd'^ipo the associated 
closed positive current of bidegree (1, 1). The current T can be identified with 
the Laplacian Aipo of ipo computed in the sense of distributions. It defines a 
positive measure = dd'^ipo on U. In one complex variable, the mass of dd^ipo 
at a point x coincides with the Lelong number z/((y9o, x). Let -D(xo, r) CC U 
be an arbitrary disc of radius < r < i, and let 
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7 = J dd^Lfo, 

P(xo,2r) 

be the mass carried by the measure dd'^ip^ on the square P(xo, 2r) of edge 
2r centred at Xq. Consider the decomposition : 

ifQ = N -k /\ipo + hQ, onD{xo,r), 

where N{z) = ^ log|2;| is the Newton kernel in one complex variable, and 
Hq = Re Qo is a harmonic function expressed as the real part of a holomorphic 
function qq. 

In all that follows, we will be considering a method of neutralising the 
— oo-poles of ifo on a fixed disc in order to make the exponential e~^™''^° 
integrable and to control the growth rate of its integral as m +00. 

Theorem 0.1.1 Let (fo'.U — > M U {—00} be a suhharmonic function on an 
open set U G C, and let D{xq, r) CC U be an open disc of radius < r < ^. 
Fix < 5 < 1. Then, for every m » 1, there exist finitely many points 
ai = ai(m), . . . , = (^Nmi^) ^ D{xo, r), such that the positive integers 
rrij defined as : 

rrij = max{[mz/((^0) <^j)]: 1}; J = 1; • • • ? ([ ] is the integer part), 



and the holomorphic function fm{z) = e"^^"^^' Yliz—aj)"^^ defined on D{xq, r) 



satisfy the following properties : 



(i) Yl^j — '"^7(1 + where 7 is the dd'^^p^-mass of P{xo, 2r) ; 

(ii) There exists a constant C = C{r) > 0, independent of m, such that : 

«j ~ (^k\ > 

for all aj, a^, such that j ^ k and z/(y9o, o-j), ^(v^o? o^k) < 
[in] I |/„(2)pe-=^"'^o(")dA(z) =o(m), when m ^ +00, 

'D{xQ,r) 

where dX is the Lebesgue measure in C 

Higher dimensional analogues of this result have yet to be found. However, 
the Ohsawa-Takegoshi extension theorem (see [OT87], [Ohs88]) applied on 
a complex line enables us to derive geometric applications of Theorem lO.l.ll 
in several complex variables. The first application is a global regularisation 
theorem for closed almost positive (1, l)-currents in the spirit of Demailly 
(see [Dem92]), but with an additional control on the Monge- Ampere masses 
of the regularising currents. Here is the set-up. 
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Let T be a rf-closed current of bidegree (1, 1) on a compact complex 
manifold X of dimension n. Assume that T > 7 for some real continuous 
(1, l)-form 7 (i. e. T is almost positive). The current T can be globally 
written as T = a + dd'^ip, with a global (1, l)-form a and an almost 
psh potential (p on X (i.e. (p can be locally expressed as the sum of a psh 
function and a C°° function). The notation dd'^ := ^dd will be used in all 
that follows. A variant of Demailly's regularisation theorem (see [Dem92, 
Proposition 3.7]) asserts that T is the weak limit of currents Tm = a + dd'^ipm 
lying in the 99-cohomology class of T and having analytic singularities. These 
are, by definition, singularities for which can be locally written as 

^logi\g,\^ + ... + \g^\^)+C^, (1) 

with a constant c > 0, and holomorphic functions gi, . . . , g^. Each Tm can 
be chosen to be smooth on X \ V'i{mT), where V'i{mT) is the zero variety 
of the multiplier ideal sheaf 3{mT) associated with mT (defined locally as 
'J{nnp), see (fTB)) ). Moreover, for any Hermitian metric 00 on Xj TfYi can be 
chosen such that : 



Tm > 1 — £m^, for some sequence i 0, 

and the Lelong numbers satisfy : uCT, x) < viTm, x) < uCT, x), x G X. 

m 

What this theorem does not specify, however, is whether there exist regulari- 
sations Tm — ^ T with analytic singularities having the extra property that the 
growth in m of the masses of the wedge-power currents (Monge- Ampere 
currents) is under control. In other words, V3{mT) = {(fm = —oo} being the 
polar set of Tm, we would like to control the growth rate of the quantities : 

(T„-7 + e^cu)'= AcJ"-^ k = l,...,n, 

X\V3{mT) 

as m ^ +00. Using Theorem l( ) . 1 . 1 1 we can modify Demailly's original con- 
struction to settle this question in the following form. 

Theorem 0.1.2 Let T > 'y be a d-closed current of bidegree (1, 1) on a 
compact complex manifold X , where is a continuous (1, l)-form such that 
d'-f = 0. Then, in the dd-cohomology class of T , there exist closed (1, 1)- 
currents Tm with analytic singularities converging to T in the weak topology 
of currents such that each Tm is smooth on X \ VJlmT) and : 

C 

(a) Tm>l oj, mGM; 

m 

(6) z/(T, x) — < v{Tm, x) < v{T, x), a; G X, m G for some i ; 
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(c) lim — / (T„,-'y + — uj)^Auj"'^ = 0, k = 1, . . . , n = dzmcX , 
m^+oo m J m 

X\V%mT) 

where uj is an arbitrary Hermitian metric on X . 

This result can be used to prove new characterisations of big hne bundles 
in terms of curvature currents. Let us briefly review a few basic facts. A holo- 
morphic line bundle L over a compact complex manifold X of dimension n 
is said to be big if dime H^{X, L™) > C m" for some constant C > and for 
all large enough m G N. This amounts to the global sections of defining 
a bimeromorphic embedding of X into a projective space, for m >> 0. The 
compact manifold X is said to be Moishezon if the transcendence degree of 
its meromorphic function field equals n := dimcX, or equivalently, if there 
exist n global meromorphic functions that are algebraically independent. A 
Moishezon manifold becomes projective after finitely many blow-ups with 
smooth centres. There is, moreover, a bimeromorphic counterpart to Ko- 
daira's embedding theorem : a compact complex manifold X is Moishezon 
if and only if there exists a big line bundle L ^ X. The asymptotic growth 
of the dimension of H^{X, U^) as m ^ +oo is actually measured by a bira- 
tional invariant of L, the volume, defined as : 

n ' 

v{L) :=limsup — /i°(X, L'"). 

m— >+oo rn 

Clearly, L is big if and only if v{L) > 0. Switching now to the analytic 
point of view, recall that a singular Hermitian metric h on L is defined in 
a local trivialization L\ij ~ f/ x C" as /i = e"*^ for some weight function 
if : U ^ [— oo, +oo) which is only assumed to be locally integrable. In 
particular, the singularity set {x G f/, '^{x) = — oo} is Lebesgue negligible. 
The associated curvature current T := iQh{L) is a closed current of bidegree 
(1, 1) on X representing the first Chern class Ci(L) of L. It is locally defined 
as T = dd^'ip for weight functions ip of h. 

Recall that an almost positive current T can be locally written in coordi- 
nates as T = ^ Tj^ k dzj A dzk for some complex measures Tj^k- The Lebesgue 

decomposition of the coefficients Tj^ k into an absolutely continous part and a 
singular part with respect to the Lebesgue measure induces a current decom- 
position as T = Tac + Tging- By the Radon-Nicodym theorem, the coefficients 
of the absolutely continous part are Lj^^ and thus the exterior powers are 
well defined (though not necessarily closed) currents for m = 1, . . . , n. 

When applied to curvature currents, the current regularisation theorem 
in.L2l with controlled Monge- Ampere masses enables us to characterise the 
volume of a line bundle in terms of positive currents in ci(L). This gives 
in particular a bigness criterion for line bundles in terms of existence of 
singular Hermitian metrics satisfying positivity assumptions (and implicitly 
a characterisation of Moishezon manifolds) . 
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Theorem 0.1.3 Let L be a holomorphic line bundle over a compact complex 
manifold X . Then the volume of L is characterised as : 

v{L) = sup / t:^. 

In particular, L is big if and only if there exists a possibly singular Hermitian 
metric h on L whose curvature current T := iQh{L) satisfies the following 
positivity conditions : 

(t) T>0 onX; (zz) / T,", > 0. 

Jx 

In the special case when the ambient manifold X is Kahler, this same 
result was obtained by Boucksom ([Bou02, Theorem 1.2]). This strengthens 
a previous (only sufficient) bigness criterion by Siu ([Siu85]) that solved af- 
firmatively the Grauert-Riemenschneider conjecture ([GR70]). Bigness was 
guaranteed there under the extra assumption that the curvature current T 
(or the metric h) be C°°. Theorem 10 . 1 . 31 falls into the mould of ideas originat- 
ing in Demailly's holomorphic Morse inequalities ([Dem85]). Its proof hinges 
on the regularisation theorem l( ) . 1 . 21 above and on Bonavero's singular version 
of Demailly's Morse inequalities ([Bon98]). It strengthens a bigness criterion 
in [Bon98] which required the curvature current T to have analytic singu- 
larities. On the other hand, Ji and Shiffman ([JS93]) proved that L being 
big is equivalent to L having a singular metric whose curvature current is 
strictly positive on X, (i.e. > eu for some small e > 0). This implies, in 
particular, the "only if" part of the above Theorem 10.1.31 The thrust of the 
new "if" part of Theorem 10.1.31 is to relax the strict positivity assumption 
on the curvature current. 

Let us finally stress that the main interest of Theorems 10.1.21 and 10.1.31 
lies in X being an arbitrary compact manifold. Related results are known to 
exist for Kahler manifolds (e.g. [DP04, Theorem 0.4], [Bou02, Theorem 1.2]). 
The approach to the non-Kahler case treated here is quite different. The crux 
of the argument is modifying the existing procedure for regularising (1, 1)- 
currents to get an effective control on the Monge- Ampere masses (Theorem 
I0.1.2j) . If X is Kahler, the sequence of masses in the usual Demailly regulari- 
sation of currents is easily seen to be bounded by applying Stokes's theorem 
and using the closedness of a; (see [Bou02]). The situation is vastly different 
in the non-Kahler case where a new regularisation of currents is needed with 
a possibly unbounded sequence of masses. 

In order to make the ideas more transparent, we will first prove Theorem 
10.1.21 in the special case when the Lelong numbers of the original current T 
are assumed to vanish everywhere ( sect ions l( ). 41 and l( ). 5j) . This first non-trivial 
case retains many of the ideas of the proof stripped of technical details and 
without recourse to multiplier ideal sheaves (which are trivial in this case). 
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0.2 Preliminaries on Theorem 10. 1.11 

In this section we clear the way to the proof of Theorem lO.l.ll The set-up 
is the one described in the Introduction. Fix m E N* and 5 > 0. As the 
upperlevel set for Lelong numbers : 

Ei^sijn dd'^ipQ) := {x E Q ] z/(m (po, x) > 1 — S} 

is analytic of dimension 0, its intersection with a relatively compact disc is 
finite. Let 

Ei^s^rndd^ipo) n D{xo, r) := {ai, . . . , ap(^)}. 

p{m) 

As dd'^iprn = mdd^ipo — J2 [iT^^ifOy ^tj)] > as currents, the function 



p(m) 

ipmiz) := TTiipoiz) - [mu{(po, aj)] log \z - a 
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is still subharmonic and I'^ipm, dj) = ^^{fo, cij) — ["^'^(v^O) CLj)] for every j. 

To ensure the integrability property {iii) in Theorem lO.l.H we must introduce 
a factor {z — aj)"^^ in the definition of the function being constructed for 
every point aj where rrij := [mz/((y9o, aj)] > 1. To find the other points, we 
can assume in all that follows, after replacing rrnpo with ipm, that : 

mz/(y9o, x) < 1, for all x G D{xo, r). (2) 

Once the point masses of the current m dd'^ip^ have been brought down below 
1, we still have to neutralise any diffuse mass scattered over the disc D{xo, r) 
which could prevent the integral of |/mP e~'^^'^° from having the desired slow 
growth in m. The following lemma gives an upper bound for e~'^'^° in terms 
of the mass of the associated current dd'^ipo. 

Lemma 0.2.1 With the notation in the introduction, if 'j := J^^^^ ^•^dd'^^pQ, 
the following estimate holds : 



-2(tpo(z)-hoiz)) ^ 



/ dd''(fo 

D(xo, r) D{xo, r) 

for all z G D{xo, r). 

Proof. Let dfi{Q := 7^^ dd'^ipQ{Q be a probability measure on -D(a;o, r). For 
all z G -D(xo, r), we have : 



i^o-ho){z)= \og\C - zldd^ifoiC), 

'D{xQ,r) 



6 



or, equivalently, 

-{^o-ho){z)= 7log|C-2:r^c?/x(C), z e D{xo, r). 

JD{xo,r) 

Now, Jensen's convexity inequality entails : 

JD{xQ,r) J D{xo,r) ~ ^ 

which proves the lemma. □ 
Applying Lemma f().2.1l to the function rmpo, we get : 



/ dd^i^Q J IC - -2^"''^ 

D{xo,r) D{xo,r) 

The right-hand term above may not be integrable as a function of z when 
> 1. To get around this, we will cut the disc D{xo, r) into pieces in such a 
way that each piece has a mass < 1 for the measure m dd'^(po and the number 
of pieces does not exceed 7717(1 + 6). We will subsequently choose a point 
in each piece, intuitively its "centre", and will define fm as a holomorphic 
function on D{xq, r) whose only zeroes are these points. This will be shown 
to satisfy the conditions in Theorem lO.l.ll 

Cutting the disc into pieces relies on the following lemma due to Yul- 
mukhametov ([Yul85]) and, in a generalised form, to Drasin ([DraOl, Theo- 
rem 2.1]). It describes an atomisation procedure for arbitrary positive mea- 
sures /i in one complex variable. This is the main technical ingredient in the 
proof of Theorem 10. 1.11 

Lemma 0.2.2 ([Yul85] ; [DraOl].) Let fi be a positive measure supported 
in a square i? C with sides parallel to the coordinate axes. Suppose 
^{R) = N > 1, N E Ij. Then, there exist a family of closed rectangles 
{Rj)i<j<N with sides parallel to the coordinate axes, and a family of positive 
measures {fJ'j)i<j<N, such that : 

N 

(a) fi = f^ji^"^) = 1; ^'^'^ Supp/ij is a convex subet of Rj ; 

N N 

(b) R= [j Rj = U Supp fij ; 

(c) the interiors of the supports of the fij's are mutually disjoint; 

(d) the ratio of the sides of each rectangle Rj lies in the interval [|, 3] (i. 
e. Rj is an "almost square" in the terminology of [DraOl]) ; 
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(e) each point in belongs to the interior of at most four distinct rectan- 
gles Rj ; 

(f) each Supp/ij is a rectangle, and the distance between the centres of any 
two such distinct rectangles is > where C > is the side of the square 
R. 

Idea of proof (according to [DraOl]). Yulmukhametov originally proved this 
result (see [Yul85]) for absolutely continuous measures /i. The generalisation 
to the case of arbitrary measures is due to Drasin ([DraOl]). We summarise 
here the ideas of Drasin's proof. Conclusion (/) was not explicitly stated, 
but it can be easily inferred from the proof given there. The first idea is to 
reduce the problem to the case of a measure satisfying < 1 at every 
point p E R. This is done by subtracting from the original measure fi the 
integer part [fi{p)] of each point mass > 1. We may also assume, after a 
possible rotation of the coordinate system of M^, that for every line L parallel 
to one of the coordinate axes, there exists at most one point p E L such that 
> while fi{L \p) = 0. 
After these reductions, the key step is to prove that if an almost square 
R contains the support of a measure n satisfying these properties, then there 
exist almost squares Rq and Ri and a decomposition /i = /iq + /^i such that 
Supp/ij C -Rj, j = 0, 1, which satisfies conclusions (6) — (rf) of the lemma. 
The masses /ij(-Rj) are integers. If fJ^j{Rj) > 1, we repeat this procedure to 
obtain almost squares Rj,o, Rj,i and a decomposition /ij = fij^o + fij^i. By 
repeatedly applying this procedure we get almost squares Rj and measures 
fij, indexed over multi-indices I = ii, . . . , ii made up of digits and 1. The 
procedure terminates when all masses fij{Rj) = 1. A technical lemma then 
yields conclusion (e) and thus clinches the proof of this result. We refer for 
details to Drasin ([DraOl, §2, p. 165-171]). □ 



0.3 Proof of Theorem 10.1. IL 

Building on preliminaries in the previous section, we will now complete 
the proof of Theorem 10.1.11 The notation and set-up are unchanged. By 
hypothesis Q, we may assume that mu^ipo, x) < 1, for all x G D{xo, r). 
The positive measure /i := dd'^Lpo has mass 7 on the square R of edge 2r 
centred at Xq. Fix < 5 < 1 and, for m » 1, choose an integer A^^ such 
that : 

2 

-m-f < N^<m-f{l + S). (3) 

2 — 

Such an integer exists as soon as rri'y {1 + 6 — =7/17 ^ 

now apply the atomisation Lemma 10.2.21 to the measure — = — dd^(^Q 
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of total mass N := Nm on R. We get two coverings of R by closed rectangles : 

R = [jRj{m) = IJPj(m), Pj{m) C Rj{m), 
i=i i=i 

and a decomposition of measures — = ^^t'm.j such that every Rj := 

^ i=i 

Rj{m) is an almost square and UmjiRj) = 1- Let = aj{m) denote the 
centre of the rectangle Pj := Pj{m) = Supp Umj for every j. 

We will prove that the integer Nm and the points aj satisfy the conclu- 
sions of Theorem lO.l.ll As by Hypothesis ^ we have : 

rrij = max{[mi/(v9o, %)], 1} = 1, for j = 1, . . . , A^^, 

we get : Yl^j ~ ^m ^ '"^7(1 + 5), which is conclusion {i) of Theorem IU.1.11 

i=i 

Conclusion (/) of Lemma f( ) . 2 . 21 and the choice of Nm ensure that the points 
Qj satisfy the conclusion {ii) of Theorem 10.1. II It remains to check that for 
the holomorphic function : 

fm{z) := e-^'o(^) n - a,), z E D{xo, r), 
the integral j e"^™"*^" dX has the desired growth in m. Since 

D{xo,r) 

D[xo,r) ^^^Pj 

the analysis is reduced to finding a convenient upper bound for each integral 
on Pj. Fix j e {1, . . . , Nm}- Since Pj n P/c = 0, for all j 7^ k, we get : 

m/i(P,) = /x„,,(P,) < /i^,,(P,) = ^ < 1 - f . 

Now Pj is contained in the disc Dj := D(aj, rj) with equal to 
multiplied by the edge of Pj. Conclusion (e) of Lemma l().2.2l implies that 
the sum of the Euclidian areas of the Pj's is bounded above by four times 
the area of the square R of edge 2r. This means that there is a constant 
Ci(r) > 0, depending only on r, such that 

(e') J2r]<Ci{r), for all m » 0. 
i=i 

Lemma It). 2. 11 when applied to the function rrnpo on Dj = D{aj, rj), gives : 
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k=i 

j dd^o J |C-2f^ 

for all z ^ Dj. We have used the obvious upper bound |z — a^p < (2r)^, for 
all /c 7^ j. When integrating above with respect to z G Dj, Fubini's theorem 
yields : 



(4) 

Let us now concentrate on the integral in z on the right-hand side. We get 
te following estimate for every C, E Dj : 



\Z — ttn 



-d\{z) 



\z 



z 



aj) - (C - aj 



-d\{z — aj) 



< 47r(|C-a,-| + r,) 



D{aj,rj) 

2(1-^) ( (|C-a,l+r 



2(2 - 



m-y ■ 



+ 



2(1-^) 



(5) 



Indeed, if we make the change of variable x = z — aj and set ( — aj = a, we 
are reduced to estimating the integral : 



\x 



\x — a 



' -dX{x) 



D(0,r) 

where we have set rj := r and r := 2^ to simplify the notation. By the 
choice © of N^, we have : < r < 2. The change of variable x — a = y, 
followed by a switch to polar coordinates with \y\ = p, implies : 



D{0,r) D{-a,r) D{-a,r) 

D{-a,r) 
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\y\'-^dX{y) + 2\a\ 



D{-a,r) 



< 27r 2 



|a|+r 



D{-a,r) 

»|a|+r 



p^'''pdp + 2\a\ 



\yrdX{y) 
p^^p dp 



An {\a\ + r] 



2-r (i\ a\+r? 

4-r ■ 2-r 



+ 



For r = rj, this gives the estimate (0). Now relations Q and © imply : 



|/„,(;z)|2e-2'"^«(")dA(z) < (2r)2(^'"-^)- 



\2(i- 



2(2- 



m7 " 



+ 



2(1 



rfdVo(C). 



Let us now shift to polar coordinates with |C — ^jl = P- This gives dd'^ipo{Q = 
dn{p), where n(p) = /p^^ , dd'^ipo, for all p > 0. Since Dj is assumed to be 
D{aj, Vj), we get : 



^x) / (p + r^- 



+ 



n'(p) dp, 



where C(r, r^) = 
sively written as : 
C(r, rj) 



2(2 2(1-^) 
^2r)^(^'"~^). The last expression can be succes- 



2(2-^ 







2(2 - 


Twy 


, C{r, 




2(1- 






Jo 



Id, dd^^o 
{p + rjf^^'^^'n (p) dp + 
n{rj){2rjf^'^~^^ - 2 |^2 
n(rj)r|(2rj)^^^""S)- 



C(r, Vj 

/ Jo 



p^{p + rjf^^ ^^^n{p)dp 
n(p)(p + rj)^"^^rfp + 



n(p) 



2p(p + rj 



'^7\ / n1-2^ 2 



dp). 



Since the terms appearing with a " — " sign are all negative, for 1 — ^ > 
and therefore 2 — ^ > 0, they can be ignored. We thus get the following 
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upper estimate : 



< C(r, r^) n{rj) —f- — — + 



2(2-^) + 2(1 



m7 ' 



Since n{rj) = dd'^ipQ, the previous upper bound and the formula of 
C(r, Vj) show that : 

\Uzre-'"^-"^^^d\{z) < C [r, ^) ■ rf (6) 
where the constant C(r, ^) is given by the formula : 



]V„; 1^2(2-=) + 2(1-=: 

Since estimate (jHl) holds for all indices j G {1, . . . , A^m}, we get, after sum- 
ming over j, that : 

JDixo,r) 

The choice of A^m was made in such a way that 1 — 5 < < ^ < 1 — | 
(cf. (jni)), which implies : 

and l + -<2-£<l + . 

Since < 2r < 1, there exists a constant C2(r) > depending only on r, 
such that C{r, ^) < C2(r), for all m G N. Since < 2r < 1, we have : 



r 



2(2-^) 



for 2(2 -^)> 2. 



Thus, estimate (e') (inferred above from (e) of Lemma IU.2.2j) implies : 

\U{z)\^ e-^'^'^''^'UX{z) < C(r), Vm » 0, 



D(xo,r) 

where C{r) = Ci(r) C2{r) > is a constant depending only on the radius r 
of the disc D{xo, r) on which we are working. This yields conclusion {in) of 
Theorem lO.l.ll and completes its proof. □ 
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0.4 Special case of local regularisation with mass con- 
trol 

In this section we use Theorem lO. 1 . ll combined with the Ohsawa-Takegoshi 
extension theorem (see [OT87], [OhsSS]) to introduce a new local approx- 
imation procedure for psh functions with zero Lelong numbers. The main 
new outcome is an additional control of the Monge- Ampere masses. This can 
be seen as a local version of Theorem 10.1.21 under the extra assumption that 
all the Lelong numbers vanish. 

Let ip he a. psh function on a bounded pseudoconvex open set Q C C^. A 
well-known result of Demailly (cf. [Dem92, Proposition 3.1]) asserts that if 
can be approximated pointwise and in Lj^^^Q) topology by psh functions 
with analytic singularities (see definition in the introduction), constructed 
as : 



= ^ log^|a„,,f , (7) 

j=0 

where (am, j)jeN is an arbitrary orthonormal basis of the Hilbert space ^^{rrup) 
of holomorphic functions fonfl such that |/p e"^™''' is integrable on fl. They 
even satisfy the estimates : 

C 1 c 

Lp{z) < ipm{z) < sup ip{C) + — log (8) 

for every z & Q and every r < d{z, dQ). In particular, the sequence dd^ip^ 
converges to dd'^ip in the weak topology of currents, and the corresponding 
Lelong numbers satisfy : 

Tl 

Z/((/9, x) < viifmi x) < l>((p, x), X & Q. (9) 

m 

For analytic singularities, the Lelong number ulipm, x) at an arbitrary point 
X equals ^ minord^^cim, j, where ord^. is the vanishing order at x. The se- 
quence (v5m)meN defined in (jTj) has come to be referred to as the Demailly 
approximation of (p. 

Let us now suppose that (f has zero Lelong numbers everywhere (see 
[Dem97, chapter III] for a comprehensive discussion of Lelong numbers). In 
other words, 

ip(x^ 

vi^Pi x) := liminf j = 0, for every x & Q. 

z^x \og\z — X\ 

Psh functions ip for which there are points x such that v^(x) = — oo and 
z/((y9, x) = do exist! For instance, (p{z) := —\/— log \ z\ has an isolated 
singularity with a zero Lelong number at the origin. These singularities, very 
different to analytic ones, are usually hard to grasp as the familiar tools at 
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hand intended to handle singularities, viz. multiplier ideal sheaves and Lelong 
numbers, are trivial at such points. 

We can alter the Demailly approximation to get the following Monge- 
Ampere mass control. 

Theorem 0.4.1 Let (f be a psh function on a bounded pseudoconvex open 
set C C". Suppose, furthermore, that ip has a zero Lelong number at every 
point X eVL. Define the sequence of smooth psh functions {ipm)mm on Vt as : 




where {crm,j)j<^^ is an orthonormal basis of'Kn^nup), and . . . , ^ are 
the first order partial derivarives with respect to the standard coordinate 
z = {zi, . . . , Zn) on C"' . Then dd^tpm converges to dd'^ip in the weak topol- 
ogy of currents as m +oc, and for any relatively compact open subset 
B ddVt we have : 

j {dd^iJmf A IS""-^ < C (logm)^ = 1, . . . , n, 

B 

where j3 is the standard Kdhler form on C", and C > is a constant inde- 
pendent of m. 

Proof. We can easily infer from Demailly's estimate (jHl) combined with Par- 
seval's formula that : 

C lie 

^{z) -<i'm{z)< sup ^(0 logr + — log^, (10) 

m IC-2|<2r ^ m r"^ 

for every z &Vt and every r < ]^ d{z, dfl). This means that ipm still converges 
to ip pointwise and in Lj^^^Q) topology, and thus dd^ipm converges to dd'^p 
in the weak topology of currents. Moreover, as the Lelong numbers of p are 
assumed to vanish at every point, and as, thanks to ©, 

J^{lpm, X) < U{pm, X) < U{p, x) , X E Q, 

for every m, each ipm has zero Lelong numbers everywhere. This means that 
the cJm.j's and their first order derivatives have no common zeroes, and there- 
fore ipm is C°° on Q. (Actually p^n is also 

Our aim is to control the Monge-Ampere masses of the new regularising 
smooth forms dd'^ipm on a given open set -B CC Vt. To this end, we can apply 
the Chern-Levine-Nirenberg inequalities (see [CLN69] or [Dem97, chapter 
III, page 168]) to get : 
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/ {dd'^iJ^)" A r-'^ < C (sup k = l,...,n, 

J B 

B 

where i? CC is an arbitrary relatively compact open subset containing B, 
and C > is a constant depending only on B and B. Note that sup \ ipm\ < 

B 

+00 since ipm is smooth. We are thus reduced to accounting for the following. 
Claim 0.4.2 There is a constant C > independent of m such that : 

sup \iprn\ < C logm, for every m. 

B 

The upper bound for ipm given in (fTUj) is clearly sufficient for our purposes. 
The delicate point in estimating \il)m \ is finding a finite lower bound (possibly 
greatly negative) for ipm- If -Bm(l) is the closed unit ball of "KQ^ijnip), it is 
easy to see, expressing the norms of the evaluation linear maps 

df 

"Knimip) 3 f ^ ^(^) ^ A; = 1, . . . , n, 

OZk 

at a given point z E Vl m two ways and the fact that a sum of supremums 
dominates the supremum of the sum, that : 



ll)ra{z) > sup 

-FmS-Bm(l) 



2m ^ 



Fm{z)\^ + 



dF„ 



dzi 



+ ■ ■ ■ + 



dFrr 



dZn 



, (11) 



for every z G f2. Now fix x G fi. To find a uniform lower bound for ipmix), 
we need produce an element G -Bm(l) for which we can uniformly esti- 
mate below one of the first order partial derivatives at x. The Lelong number 
of (fi at X is known to be equal to the Lelong number at x of the restric- 
tion {p\L to almost every complex line L passing through x (see [Siu74]). 
Choose such a line L and coordinates z = [zi, . . . , Zn) centred at x such that 
L = {z2 = ■ ■ ■ = Zn} . Consider, as in the introduction, the decompostion : 

ip\L = N -k Aip\L + h, on Qn L, 

where is the one-dimensional Newton kernel, and h = Keg is a harmonic 
function equal to the real part of a holomorphic function g. Theorem 10. 1.11 
gives the existence of a holomorphic function fm on Q (1 L such that : 



with Nm < Co m, for a constant Cq > independent of m, and 
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Cm:= j \fm?e-^'^'^dVL = o{m), 
nnL 

where (IVl is the volume form on L. As the Lelong numbers of (and im- 
phcitly those of rmp) are assumed to be zero, the retriction of e"^'"'^ to L is 
locally integrable on fl L. By Theorem 10. 1.11 (ii) the points amj can be 
chosen such that \am,j — ctm./cl > ^ for every j ^ k, with some constant 
Ci > independent of m and L. 

The Ohsawa-Takegoshi extension theorem (cf. [Ohs88, Corollary 2, p. 
266]) can now be applied to get a holomorphic extension Fm G ^Q{mip) of 
fm from the line Q (1 L to Q, satisfying the estimate : 

J\Fm\'e-''^^dVr,<C J \fm\'e-^"''^dVL = CCm, 

n QnL 
for a constant C > depending only on Q and n. Thus the function 



V C Crr 



belongs to the unit ball -Bm(l) of the Hilbert space IKo(m(^). As ^^{zi) = 
f^i^i) at every point zi E Q H L, estimate (fTTjl implies the following lower 
bound for ipm '■ 

^mi^i) > ^iog|/;;(^i)| -^\og{ccj, z^EBnL. 

In particular, for zi = amj, we get : 

^m(aj) > h{aj) + ^Yl ^og\am,k - am,j\ - ^log{C Cm) 

> Ma,) + ^log^-^log(CC^). 

Since h is (for it is harmonic), it is locally bounded (by constants in- 
dependent of L). Therefore, there exists a constant C2 > independent of 
m and L such that ipm > —C2 logm on B (1 L for every m. In particular, 
'4^m{x) > —C2 logm. This proves Claim l(J.4.2l and completes the proof of 
Theorem EHH □ 
Remark 0.4.3 Theorem 10.4.11 constructs a regularisation of currents for 
which the Monge- Ampere masses have an at most slow (logarithmic) growth. 
It is worth stressing that the sequence of these masses may not bounded 
above. To see this, suppose (p is C°° in the complement of an analytic set 
V <Z Q.li {(pm)m&N is the Demailly approximation of (p, it is shown in [DPSOl, 
p. 701-702] that the sequence (v92™ +2~™)meN is decreasing using an effective 
version of the subadditivity property of multiplier ideal sheaves. The same 
proof shows that the corresponding sequence (?/'2'" +2~™')meN in the new reg- 
ularisation defined in the previous theorem is also decreasing. Then the C°° 
(1, l)-forms {dd'^'il)2m)^ are well-defined on f2 \ \^ and converge in the weak 
topology of currents to [dd'^ipY for every A; = 1, . . . , n (see [Dem97, chapter 
III, Theorem 3.7]). If CC 5 \ V and < x < 1 is a function with 
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compact support in B\V such that x = 1 on i^T, then 



and taking hm inf , the weak convergence imphes : 

X{d<fvf A < hm inf / (c/c/'^/'a-)'' A A; = 1, . . . , n. 

B\V m-*+oo J^^^ 

Clearly /^(ddV)^ A < /g^^ x{dd^'^f A and letting CC 5 \ \/ 

increase, we get : 

{dd'^f A < lim inf ( {dd'i)2^f A = 1, . . . , n. 

B\V m^+oo J^^^^ 

Now, there are examples of psh functions for which the Monge-Ampere 
mass on the left-hand side above is infinite for k = n (see Kiselman's example 
in [Kis84, p. 141-143] of a with zero Lelong numbers, or the Shiffman- Taylor 
example in [Siu 75, p.451-453]). Thus the last inequality shows that for such 
functions the sequence of Monge-Ampere masses associated with the above 
regularisation is unbounded. 

0.5 Special case of global regularisation with mass con- 
trol 

In this section we patch together the local regularisations constructed 
in the previous section to prove Theorem 10.1.21 under the extra assumption 
that the original current T has vanishing Lelong numbers everywhere. For 
the sake of simplicity we assume X to be compact. The result actually holds 
for any manifold X which can be covered by finitely many coordinate patches 
on which the local regularisation theorem 10.4. II can be applied. 

Theorem 0.5.1 Let T > 'j be a d-closed current of bidegree (1, 1) on a 
compact complex manifold X , where j is a continuous (1, l)-form such that 
d'j = 0. Assume T has a zero Lelong number at every point in X . Then, 
there exist C°° (1, 1) -forms in the same dd-cohomology class as T which 
converge to T in the weak topology of currents and satisfy : 

[a] T^>1-—^; 

m 

(b) /(r^-7 + -cu)^Au;"-^<C(logm)^ q = 1, . . . , n = dzm^X , 
J rn 

X 

for a fixed Hermitian metric uj on X and some C > independent of m. 

Proof. As the patching procedure is essentially well-known (see, for instance, 
[Dem92, section 3]), we will only point out the new aspects. 



17 



We always have T = a + ddf^ip > 7 globally on X, with some C°° (1, 1)- 
form a and some almost psh function ip on X. The set-up is the one described 
in the introduction. After possibly replacing T with T — a and 7 with 7 — «, 
we can assume T = dd'^ip > 7. Let us fix 5 > 0, and four finite coverings of 



X by concentric coordinate balls {B^p)j, {Bj)j, {B'-)j and (-Bj)j of radii ^ 
|5, and respecti 
that, for every j, 7 



2' ^' 



|5, and respectively 25. Since (i7 = 0, 7 is locally exact and we can assume 



dd^hj on Bj for some C 



function /i,-. The function : 



:= if — h 



■J' 



is psh on Bj for every j. As, by assumption, has a zero Lelong number 
at every point in Theorem 10 .4. II can be applied to each ipj on Bj to get 
approximations with analytic singularities : 



1 / 

^ 1=0 



n +00 



'j, m,l\ + 2^ 



r=l 1=0 



da 



j, m, I 



dZr 



with an arbitrary orthonormal basis {cj^m, «)/eN of th^ Hilbert space "Kb [mipj) 
(see notation in the previous section). Then ipj^m '■= 'ipj,m + hj converges 
pointwise and in L^^^ topology to as m — +00 on Bj, and these local ap- 
proximations can be glued together into a global approximation of (f defined 



as : 



sup 



Bp. 



m 



with a constant Ci (6) > depending only on S which will be specified below, 
and a local holomorphic coordinate system centred at the centre of Bj. 
The currents := dd'^ipm satisfy the conclusions of Theorem 10.5.11 if the 
following patching condition holds : 



C,{5) 



m 



(5' 



(12) 



for z e {B'j \B'j)n 5f . One can then prove the existence of a constant 
Ci{6) > satisfying this patching condition by means of Hormander's 
estimates ([Hor65]). One need only estimate the difference 'ipj^m — 4'k,m on 
Bj n B'l and show that (fj^m — Vk,m is uniformly bounded above on B'- fl B'l. 
by C)(^) as m — >■ -f-00. Now, for every fixed z G Bj, the norms of the linear 
maps f ^ f{z) and / 1— > P-{z), r = 1, . . . , n, defined on the Hilbert space 



^Bji'm^'j)^ can be expressed in terms of an orthonormal basis, and we get : 



2m ^ 



sup l\f{z)\' + Y, 



dZr 



< i'j,m{z) 
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<^log((n+l) sup (\f{z)\'+J2 



dZr 



where -Bj,™, is the unit ball of 'KBjijn'^j)- We also have the analogous rela- 
tions for il)k,m on Sfc. This means that to compare il'j^m and ipk,m at a fixed 
point Xq G -BJ H-B^', it is enough to show that for every holomorphic function 
fj on Bj such that Jg \fj\^e~'^^'^^ = 1, there exists a holomorphic function 
/jt on Bk having an L^-norm under control and satisfying : 

dfk df ■ 

fk{xo) = fj{xo), and ^ ^^^o^' for r = 1, . . . , n. 

This is done using Hormander's estimates ([Hor65]). Let 6' be a cut-off 
function supported in a neighbourhood of xq such that 9 = 1 near xq, and 
solve the equation 



Bg = 0(6 f,) (13) 

on Bk with a weight containing the term 2(n + 1) log \ z — Xo\ which forces 
the solution g to vanish to order at least 2 at xq. Specifically, if hjk is a 
holomorphic function on Bj U B^. such that hj — = Re hjk on Bj fl Bk, we 
can find a solution g to the above equation on Bk satisfying Hormander's 
estimates with the strictly psh weight : 



2m{i/jk — Re hjk) + 2{n + 1) log 1^; — XqI + |z — Xq^. (14) 

Now set fk '■= Ofj — g which is easily seen to satisfy the requirements. The 
precise estimate of the solution g gives the uniform upper estimate of '^j^m ~ 
(pk,m on BjHB'^ by 0{^) which implies the existence of a constant Ci{6) > 
satisfying the patching condition (fT^ . The details are left to the reader. 

The loss of positivity incurred in with respect to the original T can 
be seen to be at most ^ as in [Pop04] thanks to the form 7 being closed. 
This proves (a). That the approximating currents := dd'^ipm constructed 
through this patching procedure satisfy the condition (6) on Monge- Ampere 
masses follows from the local Theorem 10.4.11 proved in the previous section. 
Theorem lU.S.ll is thus proved. □ 



0.6 Modified regularisations in the general case 

Let i7 C C" be a bounded pseudoconvex open set, and let be a strictly 
psh function on VL such that iddip > Cqoj for some constant Co > and 
the standard Kahler form uj on C". Our goal is to construct regularising psh 
functions with analytic singularities approximating 99 for which the Monge- 
Ampere masses can be controlled. The overall idea is to modify Demailly's 
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regular isat ion ((Jj) by adding derivatives of the functions crm,j,j € N, which 
form an orthonormal basis of the Hilbert space : 



:Kn{m^) := {/ G OiQ) ; / l/l^ e'^™'^ rfK < +00}, dV^ := 



(15) 



We shall repeatedly denote D°' the derivation operator with respect to any 
multi-index a = (ai, . . . , «„) G N" of length \a\ = ai + ■ ■ ■ + a„, and [ ] the 
integer part. Unlike section UTil where it was enough to derive to order one as 
if was assumed to have zero Lelong numbers everywhere, we need to derive 
more in the general case. Yet we cannot afford to derive too much and have 
to accept singularities in the regularising functions as shown below. 

Lemma 0.6.1 For every 6 > 0, the psh functions with analytic singularities 
defined as : 

+00 [Sm] _ 2 



1 



— log > > 



m G N, 



i=o |a|=0 

satisfy the estimates below for constants Ci, C3 > independent ofm and (f : 



C 

^ < Vln{z) < sup (^(C) 

^ \C~z\<2r 



[5m\ n 
m m 



logr + — logCg, 
m 



at every point z E Q and for every < r < min{^d{z, dQ), 1}. In particular, 
if we choose 6m '■= C Em with Em i and C > a constant independent of 
m, converges pointwise and in L]^^ topology to if when m +00. 

Proof. The lower bound follows from the lower estimate in (jH)) since <y9^ > ipm- 
To get the upper bound, we apply Parseval's formula to each function am,j 
on the sphere S{z, r) and then sum over j to get : 



Const 



+00 

= EE 

+00 [im] 
i=0 |a|=0 



.2|«| 



It is now enough to take ^ log on both sides and to use the upper estimate 



m 



to conclude. 



□ 



In other words, we still have an approximation of (p if we derive the cr^./s 
up to order < o(m) (e.g. [CEmm] for some Em I 0, even when [CEmfn] 
+00). But we lose control on the upper bound of ipf^^ if we derive up to 
removing all the common zeroes of the o"m,j's (e.g. up to order [Am] with 
A := sup z/(y9, x) assumed to be finite after possibly shrinking fl). 



20 



Besides taking derivatives, we will further modify Demailly's regularis- 
ing functions (jZj). A crucial role will be played by multiplier ideal sheaves 
'J{mip) C Oq associated with psh functions. They are defined, for every 
m G N, as (cf. [Nad90], [Dem93]) : 



'J{mip)x '■= {f & On, X, ^'"'^ is Lebesgue-integr able near x}, (16) 

at every x G It is a well-known result of Nadel ([Nad90], see also [Dem93]) 
that, for every m G N, the multiplier ideal sheaf d{rrnp) is coherent and 
is generated as an Oo-module by an arbitrary orthonormal basis {(7m,j)jm 
of the Hilbert space "KQlrrup). By coherence, the restriction of dlirup) to 
every compact subset has only finitely many generators {o'm,j)i<j<N,n- When 
m +00, this local finite generation property was made effective in [Pop05, 
Theorem 0.1.1] in the following way. It was shown there that for any given 
relatively compact open subset B CC Q, there exist a subset Bq GG B and 
mo = mo (Co) G N such that for every m > mo one can find an orthonormal 
basis {am,j)jeN of "Knirrup) and finitely many elements cr^,!, . . . , cXm, tv^ in 
it with the following property. Every local section g G "KBifrup) admits a 
decomposition : 

9{z) = hrn,j{z) (Trn,j{z), Z G ^o, (17) 



with some holomorphic functions hra,j on Bq satisfying : 

snvy\h^,j\^<CNm / |(7|'e-2"^'^<+oo, (18) 

for a constant C > depending only on n, r, and the diameter of VL. Fur- 
thermore, the growth of the number of local generators needed is at most 
subexponential as m +cx3, namely 

hm 1^ = 0. (19) 

In the special case of a <y9 with analytic singularities, the growth of Nm is at 
most polynomial of degree n, namely 

r?' 2" /" - 

hin —Nm = - {zdd^):,<+oo, (20) 

m^+oo Tfl TT J 

B 

where {iddip)ac denotes the absolutely continuous part of idd(p in the Lebesgue 
decomposition of its measure coefficients into an absolutely continuous and a 
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singular part with respect to the Lebesgue measure. An immediate corollary 
of formula ()17j) and estimate (|TH|l is the following comparison relation : 

+ 00 Nm 

^Wm^O? <CN^^\(J^^j\^ ouBq. (21) 
j=0 j=l 

Building on these results from [Pop05] , we can define a new regularisation of 
if using only finitely many generators of 'J{mip)\Bo to modify the definition in 
the previous Lemma fO. 6. II 

Lemma 0.6.2 The psh functions with analytic singularities : 



Nm [Cemm] 



—logy y 



i=i |a|=0 

satisfy the estimates below for constants Ci, C3 > independent ofm and (p : 



^{z) <i):m\z)< sup V5(C) logrH log 63, 

2m \c~z\<2r m m 

at every point z E Bq and for every < r < mm{^ dist{z, dfl), 1}. In 
particular, ifemi^ ^''^d C > is a constant independent ofm, ip^n converges 
pointwise on Bq and in L]^J^Bq) topology to (p when m +00. 

Proof. It folows immediately from the above considerations. □ 



This regularisation is not yet satisfactory from the point of view of the 
Monge-Ampere masses as ipm still has singularities and the Chern-Levine- 
Nirenberg inequalities cannot be applied as such (see section 10.41 where they 
were applied to smooth psh functions). Building on ideas in this section, we 
will construct a new regularisation of (p in subsequent sections for which we 
can control the Monge-Ampere masses. 



0.7 Additivity defect of multiplier ideal sheaves 

Throughout this section we shall suppose that is a psh function with 
analytic singularities on f2 CC C" of the form : 

ip = ^\og{\g^\'' + ... + \g^\^)+v, (22) 

for some (possibly infinitely many) holomorpic functions gi, . . . ,gj\i G O(f^), 
some constant c > 0, and some C°° function v on Q. We also assume that 
idd(p > Cquj for some constant Co > and the standard Kahler form uj on 
C". The results in this section will be subsequently applied to ipp in place 
of (p, where {pp)p^^ are the Demailly regularisations ((Zj) of an arbitrary psh 
function p. We work with general functions of the form (j^^ in this section 
for the sake of generality. 
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Fix now a relatively compact pseudoconvex open subset i? CC fi. Our 
aim is to find better regularisations of for which we can control the Monge- 
Ampere masses. In so doing, we will still use the ideal sheaves [J(m<^), but 
the main idea underlying the argument is to take m = moq with m » rriQ 
(though mo — >■ +00) and to reduce the study of J(my9) to the study of "J^rriQip) . 
We shall then get a grip on 'J{mip) as being "almost" equal to ^(mov?)''' up to 
an error that we are able to estimate. This is made precise in the following. 

Proposition 0.7.1 For any e > 0, any rriQ > any q E N, and any 

B GG Q, the following inclusions of multiplier ideal sheaves hold : 

J(mo(l + £)^)1b C 'J{moqLp)\B C 'J{moLp)1j^. (23) 

The right-hand inclusion actually holds on Q for every rriQ and is the sub- 
additivity property of multiplier ideal sheaves proved by Demailly, Ein and 
Lazarsfeld in [DELOO]. It relies on the Ohsawa-Takegoshi extension theo- 
rem ([OT87]). The left-hand inclusion was proved in [Pop05] using Skoda's 
division theorem ([Sko72b]). It can be seen as measuring the extent to which 
multiplier ideal sheaves fail to have an additive growth. These inclusions can 
be given effective versions, with estimates, that we are now undertaking to 
make explicit. 

Consistent with the notation in (fTH|l . consider the Hilbert spaces : 
:Kn{mo{l+e) Lp), :Kn{moq(p), and :Kn{mo(p), 
and respective orthonormal bases : 

(o"mo(l+e),i)ieN, {o'moq,j)jeN, and (cTmo,i)iGN- 

The multiplier ideal sheaves in are generated as Oo-modules by the 
above Hilbert space orthonormal bases respectively. Since they are coherent, 
their restrictions to the relatively compact subset B are finitely generated. 
Possibly after reordering, we can therefore assume that they are generated 
as follows : 

J(mo(l +£) (p)\B = ((^mo{l+^),j)l<i<iV„o(i+.), 

'J{moqip)\B = {<^moq,j)l<j<N^^g, J{mo(f)\B = i<^mo,j)l<j<Nmo- 

The results of [Pop05], summarised in the previous section as (fTTj) - (PT|). 
will be made an essential use of in all that follows. We start by stating the 
following effective versions of the left-hand (cf. (a)) and right-hand (cf. (6)) 
inclusions in fl23j) when derivatives are also taken into account. 

Proposition 0.7.2 (a) Let ip be a psh function on Q CC C" of the form 
(H^. Given B CC Q, there exist an open subset Bq CC B and an orthonor- 
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mal basis i<7moq,j)jeN "^oQ such that Cmoqj, j — 1; • • • ) ^mQqi gener- 

ate the 0^-module d{mQqip) on Bq and the following estimate holds at every 
z & Bq for every multi-index a = {ai, . . . , an) € N" and every orthonormal 
basis {crmo{i+e),j)jeN of ^n{mo{l + e)ip) : 



+00 ^mQq 

^ l^°(crmo(l+£),ji • • •f^mo(l+£),iJP < C'a^mog^mo ^ ^ Cf-moq,]? , 
ji,...,jq=0 j=l I3<a 

(24) 



for any q eN, any < £ << 1, and any mo > The constants 



V /3<a / B 



are such that depends only on a, n, Bq, B, and C„ > depends only on 
n, B, Q ; 

(b) For any orthonormal bases o/lKn(mogv^) and "Knlrrioip), we have : 



+00 +00 



Y.\D'^^m,q,,?<Ct' E l^"Ko,.i---^-o,.jr onfi, (25) 
i=o ji,...,iq=o 

for every multi-index a = {ai, . . . , an) G N", with a constant C„ > depend- 
ing only on n and Q. 

Proof, (b) Estimate ()25|) follows from the effective version of the subaddi- 
tivity property of multiplier ideal sheaves established in [DELOO] (see also 
[DPSOl, proof of Theorem 2.2.1.]). Indeed, for every / G 0(^2) satisfying 



Step 3 in the proof of Theorem 2.2.1. in [DPSOl], when applied in this context, 
shows by means of the Ohsawa-Takegoshi extension theorem applied q — 1 
times that, at every point z E fl, there is a decomposition : 



+00 

iq—l 
■"n 1 



fi^)~ '^ji,---,jq '^mojiiz) . . . amojqiz), kji.-.-Jql —^n 

jl,..;jq = j-l,...,jq = 

(26) 

with scalar coefficients Cj^^,,,j^ G C satisfying the above estimate for some 
constant C„ > depending only on n and Vt. Applying we get : 
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+00 
jl,...,iq = 

The Cauchy-Schwarz inequality and estimate ()26|) of the scalar coefficients 
Cjiv-.j, give : 

+00 

Taking the supremum over all / in the unit sphere of the Hilbert space 
^q(^o?¥') gives the desired estimate. 

(a) We first briefly recall the use made of Skoda's l? division theorem in 
[Pop05, Theorem 0.4.1] to obtain an effective version of a superadditivity 
result on multiplier ideal sheaves ([Pop05, Theorem 0.1.2]) corresponding in 
the present context to the left-hand inclusion in ()23|1 . Let / G 0(0) be an 
arbitrary element in the unit sphere of the Hilbert space lKQ(mo(l + e) v^). 
Combined with assumption ()22j) . this means that : 

I f |2 „-2mo(l+£)i^ JT/ _ / I/I -2mo(l+e)?) JT/ 

Choose mo > We can apply Skoda's division theorem ([Sko72b]) to 
write / as a linear combination with holomorphic coefficients of products of 
[moc(l + e)] — {n+ 1) functions among the gj^s. The effective control on the 
coefficients gives : 

N 

l/P<C^™o(EI^?.f)t"^"^^'+^^^-^"+'^ on 5, 

j=0 

with a constant C'^^ > whose dependence on tjiq can be made explicit. 
Thus : 



|y|2 g-2mo</3 <; (-7/ |^_^.|2ymoc(l+£)]-(n+l)-moc qU _B, 

i=o 



and the crucial fact is that the exponent [moc(l + e)] — {n + 1) — itiqc is non- 
negative by the choice of mo > Therefore, the right-hand term above is 
bounded on B and thus the initial condition satisfied by / on f2 leads to 
an property on B for a slightly less singular weight (i.e. without (1 + e) 
in the exponent). The explicit bound we finally get is : 

|/|2e-2-o'^ < Cn (moc(l + e)-n) (supe'^)^""^ := 

B 

on i? CC fi, where C„ > is a constant depending only on n and the diam- 
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eters of B and Q. The details can be found in [Pop05] (taking in Theorem 
0.4.1. obtained there c=l + e,l — 6 = m = mo). This readily implies 
that for any q functions /i, . . . , /g in the unit sphere of J{n(mo(l + e) ip) we 
have : 

|/i...//e-2™°''^<C^„ on 5, 

and in particular /i ... /g is a section on B of the ideal sheaf J(mogv^) with 
LF' norm 

j |/i.../,|2e-2"^«^^rfK,< Vol(5)C;^„, (27) 

B 

where Vol(i?) stands for the Lebesgue measure of B. We will now apply the 
effective local finite generation theorem for multiplier ideal sheaves (Theo- 
rem 0.1.1 in [Pop05]). That theorem gives the existence of an open subset 
B'q CC B and of an orthonormal basis (o"rrtog, j)jeN of 'Ko^imQqip) such that 
finitely many elements of this basis, say (Jmoqj, 1 < j < ^moq, generate 
!J(mogv^) on B'q in such a way that analogous estimates to (fT7jl - (pT|l hold. 
When applied to fi ... fq regarded as a section on B of !J(mogv') with local 
generators (Jmoq,j, 1 < j < Nmoq, (El) reads : 



h{z) . . . fg{z) = J2 ^nl-jM) ^mo5,j(^), z e B'q, mo, q » 1 (2J 



with holomorphic coefficients h^j(]„,jg estimated as fcf. lfTHj) . (P7j) 



|2 -2moqifi 



< CiV„,„Vol(i?)C;^^, mo,g»l. (29) 
Taking derivatives in identity p8|) we get : 

j=l /3<a 

Applying twice the Cauchy-Schwarz inequality we get at every point in B'q : 



(Nrngq ^ , Nmgq 

i=i ^ ^ i=i 



^CTmog.jl )) (31) 
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where Cq := X] (a) • '^^^ supremum of the term on the left in the above 

/3<Q 

estimate over all fi, ■ ■ ■ , fq ranging over the unit sphere of J-CQ{mo{l + 
e) if) equals at every point in Q the value of the lef-hand term in the inequality 
we intend to prove. The estimate of the coefficients h^/^^ , obtained in (|^. 
combined with the Cauchy inequalities estimating \D^h^^^ above on any 

Bo GG Bq in terms of sup \ h^j^ ■ p, gives the desired estimate on i?o • □ 

K 

The main ingredient in the regularisation process to be described in the 
next section will be the following estimate on derivatives relying on Theorem 
lO.l.ll combined with the Ohsawa-Takegoshi extension theorem applied 
on a complex line. This strategy was already used back in section lU!^ when 
the Lelong numbers of were assumed to vanish. The extra difficulty in 
the general case stems from the fact that in Theorem 10. 1.11 the distances 
between the points aj where the Lelong numbers of are > ^ cannot be 
estimated when m +00 (they may decrease arbitrarily fast to 0). As 
the derivatives of the functions fm constructed in Theorem 10. 1.11 depend 
on these distances, it follows that we cannot control the growth of these 
derivatives as m — > +00 if this procedure is applied to mip to produce sections 
of 'i{m(p). The solution we propose to this problem is to choose m = moq 
and to apply this procedure to mo(l + £)<p instead in order to construct 
sections Qmoii+e) of 3 ("^0(1 + Then the left-hand inclusion in of 

Proposition 10 . 7. l| ensures that S'^^^j^^.^-) is a section of 3{moqip) = 3{mip) and 
we have a complete control on it and its derivatives by means of the effective 
estimates of Proposition 10.7.21 The points aj featuring in the definition of 
9mo{i+e) same as those of gmo(i+e) (only the exponents rrij are 

multiplied by q, see notation in Theorem 10. Lljl . Thus their minimum mutual 
distance 6mo depends only on mo (though in an uncontrollable fashion). To 
obtain a control of the Monge- Ampere masses in the next section, we shall 
choose m = mQq with q = q{mo) sufficiently large to neutralise the growth 
of 5mo i 0. The main interest of the next proposition is that it gives a lower 
bound independent of q. 

Proposition 0.7.3 Let (p he any psh function on Q GG and let z/(x) = 
z/((y9, x) denote the Lelong number of ip at any x G Q. Then, for every 
mo,q G N and every < £ < 1, any orthonormal basis (o",„p(i+£)^ of 
3^c("^o(l + satisfies the following estimate at every x G Q : 

^ +00 drngqix) 

^ZrZ log Yl Yl l^"(^"^o(l+e),jl • • • <^mo{l+s)J,){x)\^ > Co log6mo, 

°^ ii,-,i,=o |a|=0 

where dmoq{x) '■= ma.x{[moqi^{x){l + e)], 1} and < Co < J^dd'^ip Auj"^'^ 
with Co > depending only on Q. The constant 6^0 > depends only on mo 
in a way that we cannot and do not try to control. 
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Proof. Let x G be an arbitrary point. The case z/(x) = was settled in sec- 
t ion 10 .41 Assume that u^x) > 0. For every multi-index a = (ai, . . . , G N", 
the linear map of evaluation at x : 

:Kn{mo{l + e)^)^ . . . ® J{n(mo(l + e)^) 3u\ — > D''u{x) G C 

of the derivatives of elements u in the completed tensor product of the Hilbert 
space 'KQ_{mQ{l + e)ip) by itself q times defines a continuous linear map whose 
squared norm can be expressed in two ways as : 

+ 00 

^ \D"{amo(l+e),h ■ ■ ■ (^mo{l+e),j,){.x)\'^ = SUp \D''u{x)\'^, 

Jl,---,Jq = 

since {amo{i+e),ji ■ ■ ■ '^mo(i+e),jq)ji,...,jg£N defines an orthonormal basis in the 
completed tensor product Hilbert space, and the supremum on the right is 
taken over all u in the unit ball of this space. To find the desired lower bound 
for the term on the right side, we shall produce an element in the unit ball of 
the completed tensor product Hilbert space 'Kn{mo{l+e)ip)® . . . ^'Kn{mo{l+ 
e)(p) {q times) for which one of the partial derivatives up to order [Amo(l + 
e)q] can be estimated below in absolute value at x. This element will be 
chosen as the g*'^ power of an element in the unit ball of IKQ(mo(l + e)(p). 

Let L be a complex line through x such that the restriction of to L has 
the same Lelong number at x as (p. This is the case for almost all lines pass- 
ing through X ([Siu74]). After possibly changing coordinates, we can assume 
that X = and L = {z2 = ■ ■ ■ = -Zri = 0}. As in the Introduction, we have a 
decomposition : 

ip\L = N -k A{p\L + Re (7 on Qn L, 

for some holomorphic function g and the one- dimensional Newton kernel N. 
Theorem 10. 1.11 applied to (1 -|- e) (p\L gives the existence, for every uiq G N, 
of a holomorphic function of one variable gmo{i+e) on f2 fl L of the form : 

such that ^ rrij < Co (1 -l- e)mo with a constant Cq = J dd^ip\L > inde- 
pendent of rriQ. It further satisfies : 

Cmo ■■= [ |^?n.o(i+.)l'e-2™«(i+^)'^rfri = o(mo), 
JnnL 

where dVi is the volume form on L. We can now apply the Ohsawa-Takegoshi 
extension theorem ([Ohs88, Corollary 2, p. 266]) to get a holomorphic ex- 
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tension Gmoii+e) ^ ^n{^o{^ + £)f) of gmo{i+e) from flHL to fl which satisfies 
the estimate : 



with a constant C„ > depending only on n. Thus, ^^^"^ Gmo{i+e) be- 
longs to the unit ball of 3^Q(mo(l + s)^)- Then the holomorphic function 
defined on i7 as : 

belongs to the unit ball of the completed tensor product Hilbert space 'KQ,{rnQ{l+ 
e)ip)® . . . ®'KQ^{mQ{l + e)ip) {q times). Let •= > 0. Suppose, 

for example, that x = for some k. As, by construction, the derivatives 
(i+£)(x) in the direction of the line L coincide on L with the 
derivatives gl^j^f^i^^-jix) , / G N, we get, for an appropriate / < dmoq{x) : 



^qmQ(l + £) Re g(zi) - j = l ggmg (1+e) -Be g(zi ) (^pl^l+g^g^g 



Then 2^ log |Fi[^5(a;) | > Co(l + e) log + 0(1), and the stated lower 
bound follows after we absorb (1 + e) in Co and the 0(1) term in the first 
term. The estimate of the constant Cq follows from the following averaging 
argument. Suppose, for simplicity, that Q = -8(0, r) for some r > 0. Then : 

/ ( / dd^^\L)dv{L) = J ddVA / [L]dv{L) 

igpn-i B{0,r)nL B{0,r) LeP"-i 

= / rfrfVA(rfrf'^log|z|)"-i = / drfVA^"-\ ' 

-8(0, r) B(0,r) 

where [L] denotes the [n — 1, n — l)-current of integration on the line L, 
dv denotes the unique unitary invariant measure of total mass 1 on pro- 
jective space, the second equality above follows from Crofton's formula (see 
e.g. [Dem97, chapter III, p. 196]), and the third equality is a well-known for- 
mula of Lelong (see e.g. [Dem97, chapter III, Formula 5.5.]). In particular, 
for L in a subset of P""i of positive cif-measure, Cq = J dd^ip\L < 

B{0,r)nL 

2(^_i) / dd'^ip A cu""^, and it is enough to choose such a line L to have the 

■8(0, r) 

stated estimate on Cq. □ 

The estimates obtained in Proposition 10.7.21 (a) and in Proposition 10.7.31 
combine to achieve the main purpose of this section : a lower estimate for 



29 



derivatives in the following sense. Given pseudoconvex open sets -B CC f2 CC 
and a psli function on f2 of the form ()22j) . let v := supi/(<y9, x). As 

the case z/ = was treated in section IU.41 suppose now that u > 0. li 
{am.,j)jm is an orthonormal basis of 'KQ{mip) such that finitely many el- 
ements {o'm,j)i<j<N,n generate 3{rrnp) effectively on some Bp, CC B with 
properties (fTTj) — (pT|l satisfied, we obtain a lower estimate on Bq for the psh 
functions : 



N,n [mu{l+e)] 



Ur. 



J- ' ift L V ' 

— logy y 



(32) 



i=l |a|=0 

as m ^ +00 in the following form summing up the discussion in this section. 
Corollary 0.7.4 For all q e N, < e « 1, and mo > — , there exists 



an orthonormal basis (a 
estimate : 



nioq,j)jeN ofKnim^qip) satisfying, form = m^q, the 



Ur 



2m ^ 



> Co log 6mo - A 



on Bq. 



J=l |a|=0 

Crucially, 6mo depends only on m^ (though in an uncontrollable way) and not 
directly on m. The other constants satisfy : Q < Cq < J dd'^ip Au"'"^, < 



< ^ log(C„ (mz/)" AT^C^^J, with Cmo = Cn (moc( 1 + e) - n) (sup 6^ 

B 

and Cn depending only on n, Bq, B, Q. 

Proof. This is done in two steps. First, apply Proposition 10.7.21 (a) for every 
a G N", sum over < |a| < [m{l + e)^], and take ^ log to get the following 



lower estimate on Um 



moq 



for any orthonormal basis {o'mo{i+£),j)jeN of 



^ +00 

— log > 
2m ^ . ^ 



jl,..;jq=0 



lmoqu{l+e)] 

E 

|a|=0 



r?io{l+e),i] 



...a, 



mo(l+e),jqj 



on Bq. To estimate Am we notice, with the notation of Proposition l0.7.2T a). 

that : E < C'^"^"(l + ^Yy"" < 2"C; (mz/)", for some C; > 0. Sec- 

l"l=o 

ond, apply Proposition 10.7.31 to get the desired lower bound for the term 
appearing on the right above. □ 



The above functions Um modify Demailly's regularisation of (cf. (ffj)) 
by taking into account derivatives up to order [m(l + e)^] and only finitely 
many cr^./s. The upshot is that the functions be estimated below by 

finite constants. This is a major improvement of the situation described in 
Lemma [0.6.21 where the lower bound for ip^ in terms of ip was unsatisfactory 
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owing to the — oo poles of (/?. The present functions thus candidates 

to defining better regularisations of (p. However, the shortcoming of such a 
definition would be that Um may not converge to as m +00 owing to 
the derivation order [m(l + e)z/] being too large (the limit of [m(l + £:)z/]/m 
is > instead of zero as required by Lemma fU.6.11 for convergence). 

We will overcome this obstacle in the next section by applying this pro- 
cedure after we have removed enough singularities to lower substantially the 
necessary derivation order. 

0.8 Regular isat ion with mass control : the general case 

Let (fi be an arbitrary psh function on Q CC C" such that idd(f > Cquj 
for some Cq > 0. For every fixed p G N, we will approximate Demailly's 
regularising function ipp (cf. ((Tj)) : 



ifp = — log >^ l^p.jP) ('^p,i)jeN an orthonormal basis of IKq(pv9), 



by a sequence of psh functions (V'm,p)meN with analytic singularities for which 
we can control the Monge- Ampere masses. In the last step of the proof, the 
desired approximation of the original cp will be obtained by letting p — »• +cx). 
The results of the previous section 10.71 will now be applied to ipp (which is 
of the form ()22|) with c = ^) in place of ip. The notation is the same as 
in section with an extra p in the indices (e.g. {amo{i+£),p,j)j(^N denotes 
an orthonormal basis of lKQ(mo(l + £)'^p), Nm^q^p is the number of local 
generators of 'J{moqipp), etc). 

The m^^ regularisation iprn,p of ipp will be constructed using the ideal 
sheaf "J^rrupp). As already explained, the main idea is to write m = moq with 
q » rriQ and to make full use of the inclusions (j23|l of Proposition 10.7.11 
which show intuitively that 3{mipp) and J(mo(/?p)'^ are "almost" equal when 
mo — i> +00 (and e I with mo > p ^^). Considering a log- resolution of the 
ideal sheaf d{mQ(fp), we shall "almost" get a log- resolution of d{rrnpp) with 
m = moq » mo up to a small loss which can be controlled explicitly in 
terms of < e << 1 by means of the estimates of Propositions 10. 7.2l and l0. 7. 3l 
The advantage of this method over considering right away a log-resolution of 
J(m</3p) is that the blow-up does not depend explicitly on m but only on mo. 
Thus the mass estimates of the m*^ regularisation iprn,p will only depend on 
mo (and p) and can be neutralised by choosing m = rrioq with q = g(mo) large 
enough. This idea ties in with the explanation given before Proposition l0.7.3l 

Let Q = be a smooth variety and let /i = fimo : Cl ^ Q he a proper 
modification (i.e. a holomorphic bimeromorphic map) such that 



2p 



1 




j=0 



yU*J(mo(l + e)ipp) = 0{-E,rno{i+s),p), /i*J(moV2p) = 0(-^mo,p) 
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where Emo{i+e),p, Emo,p are effective normal crossing divisors on Q. If V J(mo(l+ 
s)ipp) denotes tlie zero variety of J(mo(l + £)^Pp), the restriction 

/i : \ Erao{i+e),p — *^\V J(mo(l + e)ipp) 

defines a bifiolomorpfiism. Tfie inclusion fi*'J{mo{l + e){pp) C fi*'J{mQipp) also 
implies tlie existence of an effective divisor -Dmo(i+£),p sucli tliat 

Let {Ui)i<i<N be a finite collection of open coordinate balls covering fl such 
that the restrictions of /i*J(mo(l + £)fp) and /i*J(moV2p) to each of these 
have a unique generator. Let (Ui)i<i<n be a corresponding collection of open 
balls covering Q such that Ui \ -Emo(i+e),p = l^^^iPi \ J(mo(l +e)ipp)). The 
modification /x is a simultaneous log- resolution of the ideal sheaves [J(mo(l + 
s)ipp) and !}(moV?p) whose existence follows from Hironaka's theorem on the 
resolution of singularities. 

In the sequel, we shall need the following comparison lemma in passing 
from the global to the local picture on coordinate patches and vive-versa. 

Lemma 0.8.1 Let (f be a psh function on a bounded pseudoconvex open set 
Q C C", and let B CC Q be a relatively compact open subset. For every 
m,p G N, the analogous expressions to the Bergman kernels associated with 
the weight rrup on Q and respectively B which take into accounr derivatives 
up to order p : 

+00 p +00 p 

A:=0 |a|=0 k=0 \a\=0 

defined by orthonormal bases {<Jm,k)km and {fim,k)km of the Hilbert spaces 
^Q{rrnp) and respectively ^{^(my?), can be compared as : 

Bti n < Bti B < Cn, d, r {d/rf B^i n on any Bo CC B CC 

where Cn,d,r > is a constant depending only on n, the diameter d ofQ, and 
the distance r > between the boundaries of Bq and B. 



Proof. It is by a standard application of Hormander's estimates ([Hor65]) 
and it is given in Appendix lO.lOl □ 

We will now concentrate attention on an arbitrary Ui that we generically 
call U. Let gmo(i+e),p (respectively gmo,p) be the unique generator on U of 
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/i*J(mo(l +e)ipp) (respectively ^*3{moipp)). By pull-back, the inclusions 
become : 

/i*a(mo(l + e)Lpp)1^ C /i*a(mogv5p)|^ C yU*a(moV3p)^^. (33) 

The analogous inclusions to of Proposition l().7.1l applied to ipp o fi on 
U CC t/' in place of ipp on B CC fl read : 

J(mo(l + e)ipp o c J(mogv5p ° /^)|{/ C J(moV5p o , (34) 
with the three ideal sheaves above generated respectively on f/ by : 

{^mo(l+e),p,ji ■ ■ ■ ^moil+e),p,jq)ji,...,jqeN, with Crmo(l+£),P, j •= Crmo(l+£),p,i ° A* 
('^mog, p, J OjSNj with (^moq,p,j ■ Jfi(^moq,p,j l^i 

{^mo,p,ji ■ ■ ■ ^mo,p,jq)ji,...,jq£f^, with d'mo,p,j '■= JpO'mo,p,j ° f^: 

where is the Jacobian of fi. On the other hand, the ideal sheaves 3(mo(l + 
e)ipp o yu) and 3{mQ{pp o /i) have on U unique generators : 

9mo{i+e),p ■= Jf,9mQ{i+e),p and respectively gmo,p '■= Jp 9mo,p- 
Thus, on U, we get : 

^mo(l+e),p,j 9mo{l+e),p f^mo{l+e),p,j^ (^mo,p,j 9mo,p f^mo,p, j y 

with holomorphic functions {fimoii+e),p,j)jeN without common zeroes and 
holomorphic functions {p'mo,p,j)jeN without common zeroes as well. More- 
over, by the right-hand inclusion in ()34|1 there are holomorphic functions 

{fi'moq,p,j)jm on U such that : 

O'moq,p,j = 9m.o,p f'"moq,P,jy 3 ^ 

The functions {p'moq,p,j)j£N may still have common zeroes to the extent to 
which the right-hand inclusion in ()34j] fails to be an equality. However, the 
conjunction with the left-hand inclusion in (jMj) limits the amount of common 
zeroes which we are now proceeding to estimate. 

By virtue of Lemma 10.8.11 replacing ^{^(mogv'p) with its counterpart 
!Ku{mQq(fp) defined on a smaller set U GG Q can only change the Bergman 
kernel estimates and their analogues with derivatives by insignificant con- 
stants. We can thus suppose, without loss of generality, that {o'moq,p,j)j£n is 
an orthonormal basis of ^ui^oQ'^p) (and the analogous assumptions for the 
weights mo(l + e)(pp and moipp.) The change of variable formula shows that : 
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I \2 -2moqVp ^ \ J l'^ In ■ o // P "'^ r/^/ 



u u 

\~ |2 -2mog((/jpO^(-^ loglSmQ.pl) ^t> 



If we denote: ^i^g^p := v^p o /i - — log |^„o,p| on f/, 

mo 

we see that ipmo,p is a psh function on f/ and (/imog,p,i)ieN defines an orthonor- 
mal basis of "Kfy^rnQqipmo,?)- The same argument shows that ((^mcp.jOieN 
defines an orthonormal basis of Jijjlmoipp o n) and imphcitly a system of 
generators for the ideal sheaf J(moV5p o /i) on f/. Demailly's inequality on 
Lelong numbers Q applied to "Kfj^nioipp o ^u) shows that the unique gener- 
ator gmo,p of !J(moV?p o yu) (which concentrates all the common zeroes of the 
j's) satisfies : 

72 1 ~ 

v{lPp o h, x) < — i^(log \gmo,p\, x) < iy{ipp o /x, x), x eU, 

mo rriQ 

and implicitly 

~ n ~ 

< jy{^mo,p, x) < — , X eU. 

mo 

By the same inequality © applied to !Kij{moqipmo,p), the minimum of the 
vanishing orders of the /imog,p,j's satisfies : 

< min orda;/imo5,p,i < rnoq u{ipmo,p, x) <nq, x e U. (35) 

Thus all the common zeroes of the flmoq,p,i^ '^^^ ^le removed by deriving 
them up to order > nq. With a view to constructing regularising functions, 
we set the following analogue of the functions Um defined in fl32p for which 
we obtained a lower bound in Corollarv I0.7.41 While m = moq, "Kn^moqip) 
is now replaced with 'Kjj{moqilJrno,p) having (/imo(j,p,j)jeN as an orthonormal 
basis. By ()35|1 . mu can be replaced with nq. 



Definition 0.8.2 For every mo, g G N and e = p we let m = m^q and 



j=l |a|=0 



n+2 

iM uiou c. — y 

Nmgq.p [nq{l+e)] 



moq,p,J 



— log Ifi-mo.pl 



mo 



The advantage over the situation summed up in Corollary 10.7.41 is that 
the maximal derivation order [ng(l + e)] is now small compared with m^q 
appearing in the denominator (i.e. [nq{l + e)]/moq —>■ when mo — > +oo). 
In view of Lemma 10.6. ![ this is a significant improvement leading to a new 
regularisation of (pp. 
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Lemma 0.8.3 The functions iprnoq,p '■= '^moq,p°f^~^ defined on U\V 'J{'mQ{l + 
e)(pp) extend to psh functions on U which converge pointwise and in L]^^ 
topology to ipp when rriQ, q — * +00. In particular, dd'^ipmoq,p converges to dd'^ipp 
as currents. 

Proof. Lemma ir).f).2l applied to the orthonormal basis (/imo5,p, jOjeN "^ui^oQ 4'mo,p) 
with m = moq, Em = ^(1 + e), and C = gives : 

ifp O ^[w) ^^^^ < ^moq,pV^) ^ 



f , / N 111- / [nq{l + e)]+n , 1 , ^ 

sup V'mo,p(f)H \og\gmo,p[w)\ log r H log 63, 

\v-w\<2t \ J moq moq 

(36) 

for every w E tf and every < r < min{| dist(w, dU), 1}. As every w G 
U \ Emo{i+e),p is the image of a unique z E U\V J(mog(l + £)^p) under 
the conclusion follows. □ 

We can now estimate the growth of the Monge- Ampere masses of (dd'^ipmoq,?)^, 
k = 1, . . . , n, regarded as well-defined smooth forms on their smooth locus 
U \ V J(mo(l + £)'^p), as mo, q — > +00. 

Lemma 0.8.4 For every k = 1, . . . ,n, the following mass estimate holds : 
j {dd''i;^^g^p)l^ A cj"-'^ < Cmo (- log5„^o)^ mo » 1, g e N 

U' 

on every U' CC U, with a constant Cmo > independent ofp,q. In particu- 
lar, if q = q{mo) is chosen so big as to have -^j^^ Cmo (— log^mo)" ~^ when 
mo — > +00, we get : 



lim — - / {dd''ilJmoq,p)ac A ^" = 0, k = l,...,n, 

mo-++oo mo g(mo) J 

U' 

which, in view of the result expected in Theorem \().l.^J (c) with m = moq, is 
satisfactory. 

Proof. As the singularities of ipmoq,p are analytic, the mass of {dd'^ilJmoq,p)ac 
on U' equals the mass of {dd'^ipmoq,pY outside the singular locus (i.e. on 
U' \ J(mo(l + £)^p)- Let U' CC U be the inverse image of U' under /x. If we 
single out the C°° part of 4'moq,p as : 



Umoq,p ■■= 7;-— log Yl Yl 



Nm^q.P [nq{l+e)] _ 

^ f^moq,p,j 



2moq 

'J'^ j=l \a\=0 



(37) 



we have : 
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^-^m0(l + £). p 



*, n—k 



U' 

The latter equality above follows from the fact that dd'^{:^ log l^mcpl) equals 



the current of integration on div p whose support is included in Emo{i+e),p- 
As the mass is calculated in the complement of i?mo(i+£),p) 

dd^:^ log \gmo,p\) 

has no contribution. By the Chern-Levine-Nirenberg inequalities ([CLN69]) 
we get : 



idd''Umoq,p)^ A a;" < C'^^ (sup |^^rr^og,pl)^ k = l,...,n, (3J 

u 



with a constant C'^^ > depending only on U' CC U CC Qmo (and implicitly 
on mo). The supremum above is finite since Umoq,p is C°°. Thus controlling the 
Monge- Ampere masses comes down to controlling the growth of sup |£tmo5,p| 

if 

as mo, q +00. 

Claim 0.8.5 There are constants C'^^, Am^ > independent of p,q such 
that for q » mo » p we have : 



< C' (- log <5^J + onU'CG U. 



moq,p\ — ^mo \ '■^S^mo) i ^ '-mo 

As {p'moq,p,j)jm defines an orthonormal basis of "Ko^moqipmo^p), we will make 
use of the results in section HTTI to get the desired control. To prove the Claim, 
we need to find upper and lower bounds for Umoq,p- We first settle the upper 
bound question. We can use the effective version of the subadditivity property 
of multiplier ideal sheaves involving derivatives. Prop osit ion 10 . 7 . 2l ( &) . applied 
to the orthonormal bases (/imog,p,j)ieN and (/imo,p, j)ieN of 'Kij{mQqipma,p) and 
'Kfj{moi}rno,p), gives : 

+00 +00 

^ ] l-P f^moqjl ^ Cn ^ ] if^rriQ, ji ■ ■ ■ P^mo, jq)\ 

j=0 jl,-,jq=0 

+ 00 

— ^ ^ ^ Cp_^ j3^D^^flmo,ji---D^''fl'mo,jq, 

jl,...,jq=0 /3i + - + /3, = Q 

+00 



j=0 f3<a 

\2 



for every a G N**, where Ca ■= ^ {C^^ ^ ) . This implies that : 

I3i+I3g=a " 
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2mo mog 



where Cg > is a constant depending only on q and n such that Cq/q is 
bounded as g +00. This means that the sequence (Smog,p)mo,gGN is non- 
increasing up to constants independent of q. It is in particular bounded above 
if we choose mo >> p. 

For the much subtler problem of finding a lower bound for Umog,p (cf- 
(jSZI)), we use Corollary 10.7.41 to get an orthonormal basis (/imog.p, j)ieN of 
'K(j{moqiprno,p) such that the derivatives up to order [n{l + s)q] satisfy : 

Umoq,p > Cj"""'^^ hgSmo " ^mo5 OU U' CC f/. 

As e = p (cf. Definition IU.8.2j) . the estimates of CoroUarv IU.7.41 give, for 

q >> rriQ » p : 

^ < lQS(^»g"^4...p) + 2(n + 2)^ sup^^„,, < A^,, 
moq mo fj, 

with C„ > depending on t/', [/ and implicitly on irtQ. We also have : 

Since dd'^ipp converges weakly to dd'^ip on Q as p +00, the sequence 
{Jjjdd'^iPp A u;"~^)pgN is bounded. As U CC Clmo, Cjy depends on mo. Thus 
the constants Cq"^''^'^^ are bounded by a constant depending only on mo and 
independent of p. Moreover, 6^0 depends a priori on p as the minimum mu- 
tual distance of points where fpOfj, has big enough Lelong numbers (see the 
proof of Proposition 10. 7. Hi for the definition of Smo), but it can actually be 
taken independent of p since the singularities of all <^p's are among those of 
(fi and the Lelong numbers of ipp are within n/p oi those of 99 (see Q). 

This completes the proof of Claim 10. 8. 51 Lemma 10.8.41 follows from esti- 
mate and Claim 10.8.51 by taking Cmo = C'mo absorbing Amo in 

Cmo- n 

Estimate satisfied by ipmoq,p (cf. the proof of Lemma 10.8. Hj) . combined 
with estimate (jH)) satisfied by (pp, implies that ipmog,p converges pointwise and 
in L}^^ topology to ip as mo, q, p +00. Taking m = mog with q » niQ » 
p, we can organise the psh functions : 

V'm, p 

defined on various open sets of the covering {Ui)i<i<n of Q into regularising 
functions for ip on Q. The following is a local version of Theorem 10.1.21 

Proposition 0.8.6 Let p be an arbitrary psh function on Q CC C". There 
exists a sequence of almost psh functions {ipm)meN with analytic singularities 



37 



such that iprn converges pointwise on Q and in L]^^ topology to ip as m ^ +00, 
each 1pm is smooth on Q\ Vd{mip), and the following hold : 

(a) dd'^iprn ^ for some constant C > independent of m ; 

{h) u^ip, x) — Em < T^i'ipm, x) < z/(y9, x) , X E Q, m E N, foT somc i ; 

If C 

(c) lim — / (dd'^ipm H ^ = 0) k = l,...,n, 

m J m 



B 



for every relatively compact open subset B GG Q. 

Proof. For any xq G Q, adding I2; — xqP to (f if necessary, we can achieve 
that iddip > u and thus the results of this section apply. Let {}Pp)p^n be 
the Demailly regularisation (cf. (jZj)) of (p. For every Z = 1, . . . , A^, we define 
'ipmoq,p on Ui like in Definition 10.8.21 and Lemma R ) . 8 . 31 wit h U in place of f//. 
We can consider finite covers (t//)i<i<Ar, {U'i')i<i<n and {Ui)i<i<n of fl by 
concentric balls of radii 6, |(5 and respectively 26. We then use the (essen- 
tially well-known) patching procedure recalled in section 10.51 to set : 

iPmoU^) ■■= sup + - l^^'^l' 



and show, by means of Hormander's estimates, that there is constant 
C{S) > depending only on 6 for which the patching condition (fT^ holds. 
Here 2;'-'^ is a coordinate system centred at the centre of ?7^'^ and Horman- 
der's estimates are applied with the analogous weight to (fT^ in which 
log |z — Xol has now the coefficient n + + e)q] to force the solution of the 
equation ()13|) to vanish at Xq to order [n(l + e)q]. For every mg, we choose 
q = q{mo) » niQ like in Lemma [0.8.41 For m = m^q, we choose an increas- 
ing sequence of integers pm — >■ +00 with Pm « "^o and set : 



m,pm 1 



which is easily seen to satisfy the requirements thanks to the results obtained 
in the present section. □ 

End of Proof of Theorem \0.1.2 . Theorem 10.1.21 stated in the Introduction 
now follows by patching together functions analogous to ipm obtained in the 
above Proposition 10. 8. 61 on various open sets contained in coordinate patches 
covering X. The patching procedure, recalled in section 031 and applied there 
and in the above proof, can be repeated. A word of explanation is in order 
here. This patching procedure, based on Hormander's estimates, was used 
in [Dem92] to patch together regularising functions of the type (jZj) when no 
derivatives are involved (see Proposition 3.7. in [Dem92]). In order to obtain 
smooth regularisations, derivatives (or jets) had to be introduced and a new 
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patching procedure, based on Skoda's estimates, was devised in [Dem92, 
section 5] to handle this situation. It is worth stressing that this latter, more 
powerful patching procedure was necessary there to handle derivatives of 
order up to [cm] in the definition of the m*^ regularising function. In our 
present case, we only derive up to order [CSrrjn] with Sm [ ^ (see Lemma 
in. 6. 21 and Definition in.8.2|l and the former patching procedure can be used 
with minor modifications as explained in section 10.51 when the derivation 
order was the constant 1. □ 



0.9 Singular hermitian metrics and big line bundles 

We are now in a position to prove the analytic characterisation of the 
volume of a line bundle spelt out in Theorem 10 . 1 . 31 as a geometric application 
of our current regularisation Theorem 10.1.21 with controlled Monge- Ampere 
masses. As mentioned in the Introduction, the case of a non-Kahler compact 
manifold X is new. 

We first briefly review the set-up (cf. [Dem85], [Bon98], [Bou02]). Let 
(L, h) be a holomorphic line bundle over a compact Hermitian manifold 
(X, uj) equipped with a possibly singular Hermitian metric h. Let T : = 
iQh{L) be the curvature current associated with h. There is a global rep- 
resentation of T as T = a + dd'^ip with a global C°° (1, l)-form a on X. For 
every g = 0, 1, . . . , n, define the g- index set of T as the open subset X{q, T) 
of X consisting of those points x such that Tac{x) has precisely q negative 
and n — q positive eigenvalues. Let X{< q, T) := X(0, T) U ■ ■ ■ U X{q, T). 
For every m G N*, consider the singular metric on induced by h. This 
means that ii h = e"*^ on an open subset U <Z X on which L is trivial, /i™ 
is defined as = e"'"'^ on U. Now suppose that T := iQh{L) > —C u for 
some constant C > (i.e. T is almost positive and ip is almost psh). Then 
the associated multiplier ideal sheaf 3{h"^) is the coherent subsheaf of Ox 
defined locally as '3{h'^)\u = "J^rmp) (see (fT6|l ). 

Demailly's holomorphic Morse inequalities ([DemSS]) for smooth metrics 
h were generalised by Bonavero ([Bon98]) to the case of singular metrics 
h with analytic singularities in the form of the following asymptotical esti- 
mates for the cohomology group dimensions of the twisted coherent sheaves 
Ox(^"') O J(/i"') : 

J2i-^y-'h^iX, Ox{L^)®-^{h^)) < ^ j (-l)''T:, + o(m"), 

as m ^ oo, for all g = 1, . . . , n. For g = 1, we get : 

h\X,Ox{L"')^0{h'^))~h\X,Ox{L'^)®Xhn)>^ / ^a"+o(m"). 

n! J 

X{<1,T) 
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As /i°(X, OxiL"^)) > h\X, OxiL"") ® 

we infer the following lower bound for the volume of L : 

v{L)> I T:^, (39) 

X{<l,T) 

for every almost positive closed current T with analytic singularities (if any) 
in Ci(L). 

Proof of Theorem \U.l.Si . Clearly, it is enough to prove the equality character- 
ising the volume, as the bigness criterion is an immediate consequence of it. 
The inequality "<" bounding the volume above can be proved as in [Bou02] 
since X is Moishezon when v{L) > and can be modified into a projective 
manifold. If v{L) = 0, the inequality "<" is obvious. 

Thus proving Theorem 10.1.31 boils down to obtaining a lower bound for 
the volume of L in terms of curvature currents. In the light of the above 
explanations, this can be seen as singular Morse inequalities for arbitrary 
singularities. Let T := iQh{L) > be the curvature current associated with 
a singular Hermitian metric h with arbitrary singularities on L. If no pos- 
itive current exists in Ci(L), there is nothing to prove. By Theorem 10.1.2^ 
there exist regularising currents with analytic singularities — > T in Ci{L) 
such that Tm > — for some constant C > independent of m which 
satisfy the Monge- Ampere mass condition (c). Furthermore, Theorem 2.4 in 
[Bou02, p. 1050] asserts that a regularising sequence of currents with ana- 
lytic singularities can be combined with a regularising sequence of smooth 
forms constructed in [Dem82] to produce yet another regularising sequence 
of currents retaining all its previous properties and getting an additional grip 
on the absolutely continuous part of T. In other words, after modifying our 
sequence (Tm,)meN by means of Theorem 2.4 in [Bou02, p. 1050], we may 
assume that besides all its properties, it also satisfies : 

Tm{x) — i> Tac{x) as m — >• +oo, for almost every x G X. (40) 

As explained above, by the Morse inequalities applied to L with G Ci{L) 
as curvature current with analytic singularities, we get (cf. (jSHI)) : 

v{L)> I T«,.,= I T;^,„,+ I T^,,, for every mGN. 

X(<1,T„) X(0,Tm) X(1,T^) 

On the other hand, the proof of Proposition 3.1. in [Bou02, p. 1052-53] uses 
the Fatou lemma to derive the following inequality from property ()40|) : 
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m— >+oo 



liminf / T",,> / T:,= / T:,. 



Thus, to prove the Morse-type inequahty ">" it is enough to show that 
hm J „^ = 0. Note that on the open set X(l, Tm) we have : 

< -T^,,, <n- (T^,,, + - uT-' A u. 
m m 

It is thus enough to show that 

hm - [{Tm.ac + -ujr-^ Auj = 0. 

X 

Since /(T^,a, + £cu)"-iAcu = / (T^ + £ cu)"-i A cj, this is precisely the 

X X\V3(mT) 

Monge- Ampere mass property obtained in Theorem 10. 1.21 (c). The proof is 
thus the same as in the Kahler case settled in [Bou02] once we have obtained 
Theorem lU . 1 . 21 which is new in the non-Kahler context. □ 



0.10 Appendix : proof of Lemma 10.8. J 

The restriction to B clearly defines an injection 'Kn{rrnf) ^ "KBifriif) and 
the image of the unit ball of the first space is contained in the unit ball of the 
second space. Thus the first inequality holds on B. For the second inequality, 
let a; G -Bo be a fixed point, and suppose, for instance, that Bq = B{x, r/2). 
Let ^ be a C°° cut-off function such that 



Supp ^ CC B{x, r) CCB, 9 = 1 on B{x, r/2), < < 1 on C". 

Let / G 0{B) such that /g |/P e"^™*^ = 1 be an arbitrary element in the unit 
sphere of ^^^(myj). We need produce a global holomorphic function on Q all 
of whose derivatives up to order p assume the same values at x as those of 
/. We can use Hormander's estimates (cf. [Hor65]) to solve the equation : 



du = d{9 f) on 



with the strictly psh weight rmp + {n + p) log |z — + — xp. There exists 
a solution u satisfying the estimate : 

^-2mf ^-2\z-x\-^ <2 / l^^n/P ^-2mv ^-2\z-x\^ 

~ J |^-xp("+p) 
n 

The non-integrability of \z — k = 0,1, ... ,p, near x implies that 

D°'u{x) = 0, < |q;| < p. If we set : 





\u 


2 


\z — 


x\ 


2{n+p) 
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F:=9f -ue 0{n), 



we have D°'F{x) = D°'f{x), < |a| < p, and 

n B 
since |/p e-2"^v = with a constant C„ > depeding only on n and Cn,d,r 
denoting the double of the parenthesis above. This means that F/ a/ Cn,d,rid/r)P 
belongs to the unit ball of "Knlrrup). The second inequality follows from the 
following expressions holding at every x E B : 

where 5^,^(1) and 5^,^(1) are the closed unit balls of "Knirmp) and respec- 
tively 5{s(m(^). The calculation details are left to the reader. □ 
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